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Abstract
　 We study the Zeeman effect on entanglement of non-equilibrium 
finite-spin systems with external fields using a method based on thermo-
field dynamics (TFD). For this purpose, the extended density matrices 
and extended entanglement entropies of two systems with either non-
competing or competing external fields are calculated according to the 
dissipative von Neumann equation, and the numerical results are com-
pared. Consequently, through the “twin-peaks” oscillations of the quan-
tum entanglement, we have illustrated the Zeeman effect on the entangle-
ment of non- equilibrium finite-spin systems with competing external 
fields in the TFD algorithm.
1  Introduction
The entanglement of quantum states is a correlation between multiple sys-
tems that is peculiar to quantum mechanics [1]. The behavior of entangled 
quantum states is called “quantum entanglement”. It plays important roles 
in quantum computation and quantum information [2], and is useful in ap-
plications of the AdS/CFT correspondence [3,4]. Entanglement entropy is 
a measure of the strength of quantum entanglement. It has been used as an 
order parameter of quantum spin systems [5, 6].
A different method to analyze quantum entanglement using thermofield 
dynamics (TFD) [7–9] was proposed in Ref. [10], and its applicability con-
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firmed in Ref. [11]. In this treatment of quantum entanglement with TFD, 
an extended density matrix is defined on the doubled Hilbert space (physical 
and ancillary Hilbert spaces), and examined for some simple cases [10]. 
The TFD-based method allows the entanglement states to be easily un-
derstood, because the intrinsic elements caused by quantum entanglement 
can be extracted from the extended density matrix in this formulation. 
Consequently, it was found that the intrinsic quantum entanglement can 
be distinguished from the thermal fluctuations included in the definition 
of ordinary quantum entanglement at finite temperatures. Based on the 
analysis presented in Ref. [10], it was argued that the general TFD formu-
lation of the extended density matrix is applicable, not only to equilibrium 
states, but also to non-equilibrium states. The extended density matrix was 
calculated as a simple example in Ref. [10] for the case of equilibrium 
finite-spin systems with external fields. In Ref. [11], it was shown that the 
extended entanglement entropy, which was obtained by using the extended 
density matrix, could be decomposed into parts from thermal (but classi-
cal) fluctuations and from quantum entanglement, as in Eqs. (14) ～ (16). 
In the present communication, we prove that the value of the extended en-
tanglement entropies of the non-equilibrium finite-spin systems is positive 
semi-definite. We then obtain the extended entanglement entropies of TFD 
as a well-defined measure of quantum entanglement.
Moreover, in Ref. [10], the authors gave an example of a frustration ef-
fect on the entanglement of equilibrium finite-spin systems that is caused 
by competing external fields. They compared a system that does not con-
tain a competing effect between the interaction and the external fields with 
one that does contain it. They concluded that this competing effect is a 
kind of frustration, in relation to the partial recovery of the broken symme-
try of the spin inversion, by using the equilibrium density matrix. Howev-
er, in Ref. [10], because only a two-spin system is considered, we feel that 
it is incorrect to refer the effect of external fields as “frustration”. In addi-
tion, the effect of the external fields was analyzed only in an equilibrium 
two-spin system, and not in a non-equilibrium two-spin system [10]. The 
effects of external magnetic fields have generally been considered among 
the Zeeman effects. Thus, the Zeeman effect on the entanglement of non-
equilibrium systems with external fields remains of interest. In the present 
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communication, we therefore investigate, exhaustively, the extended den-
sity matrices and entanglement entropies of non-equilibrium spin systems 
with both non-competing and competing external fields based on the gen-
eral TFD algorithm. By comparing the quantities for the non-competing 
and competing cases, we demonstrate the Zeeman effect on the dissipative 
dynamics of the entanglement through “twin-peaks” oscillations of the 
extended density matrices and the extended entanglement entropies. Fur-
thermore, the origin and the generality of the “twin-peaks” oscillations are 
argued by using the extended entanglement entropies.
This paper is organized as follows: we introduce the extended density 
matrices of the non- equilibrium systems without external field in the next 
section and examine their properties. In section 3, the extended density 
matrices of the non-equilibrium systems with external fields are calculated 
and then argued for some cases. In section 4, we obtain the extended en-
tanglement entropies of non- equilibrium spin systems with competing and 
non-competing external fields, and discuss the numerical results. The last 
section is devoted to discussion and conclusions.
2  Extended density matrices of non-equilibrium finite-spin systems 
without external fields
Let us consider the S = 1/2 spin system described by the Hamiltonian
                                                                                 (1)
 incorporating the spin operators,  and  
of the subsystems, A and B, respectively. The state,  of the total system 
is then denoted by the direct product,  Using the 
base,  the matrix form of the Hamiltonian (1) 
is then expressed as
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                                                (2)
For the equilibrium states in terms of the Hamiltonian expressed in Eq. (2), 
the ordinary density matrix,  of this system can be obtained as
         
    (3)
where β is the inverse temperature and the partition function, Z (β), is de-
fined as
                                          (4)
Let us turn our attention to a non-equilibrium system with dissipation, 
which is described by the Hamiltonian of Eq. (2). The time dependence of 
the ordinary density matrix,  of this system is given by the dissipative 
von Neumann equation [12, 13], where
                                                     (5)
with  being a dissipation parameter. The solution of Eq. (5) is expressed 
as 
                                                 (6)
for any initial density matrix,  where the unitary operator,  denotes
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                   (7)
and  Because the explicit expression of  in Eq. (6) is com-
plicated for any initial condition, hereafter, let us confine ourselves to the 
initial condition,  Inserting Eqs. (3) and (7), along with 
the initial condition, into Eq. (6), we then obtain
       
    (8)
The ordinary entanglement entropy,  is defined by
                                                                          (9)
with  where  and  represent traces over the variables 
of subsystems A and B, respectively. The insertion of Eq. (8) into Eq. (9) 
yields
                        
    (10)
It is also possible to argue that  in Eq. (10) is directly proportional 
24
to an entanglement,  which is a function of the “concurrence”, 
 [16]. The time dependence of  and  is dis-
played in Fig. 1 (in units of  = 1). In the dissipative system,  and 
converge to the constants,  log 2 and 1, respectively, at  so it is 
reasonable to think that  and  include not only the contribution of the 
quantum fluctuation, but also the contribution of the classical and thermal 
fluctuations. However, this fact is not manifest in the above expressions of 
 and .
We are now in a position to investigate the extended density matrix,  
in the TFD double Hilbert space. Note that  has been defined in Ref. [10] 
as follows:
                  
    (11)
using the ordinary density matrix,  in Eq. (6), where is the or-
thogonal complete set in the original Hilbert space and  is the same set 
in the tilde Hilbert space of the TFD [14, 15]. If entanglement subsystems 
A and B are being examined, each of the  and  states are represented 
as the direct products,  and  respec-
tively. We are then led to the renormalized extended density matrix,  as
                                             (12)
where the matrix elements  and  are respectively obtained 
as analytic functions of  and  and correspond to the two diagonal 
components (d1 and d2), the classical fluctuations (cf ) and the quantum 
entanglements (qe) of  respectively. The parameter,  in Eq. (12) ex-
presses the quantum entanglement effect. This quantum fluctuation plays 
a crucial role in various quantum systems, and it has been used as an order 
parameter of two-dimensional quantum systems [5, 6]. The time depen-
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dences of the parameter,  in several cases are shown in Figs. 1. As can 
be seen from Eq. (12), only the intrinsic quantum entanglement is extract-
ed clearly in the TFD formulation. In particular, it can be understood that 
the entangled state of the system emerges through a single product, such as 
 in 
The “extended” entanglement entropy is defined as
                                                                        (13) 
using the renormalized  in Eq. (12) [10]. The insertion of Eq. (12) into 
Eq. (13) and subsequent simplification eventually yield 
                                                                                 (14)
where
            
     (15)
and
                                                                           (16)
respectively. In Eqs. (14), (15) and (16), the expressions of  the classical 
and thermal fluctuation parts,  and the quantum entanglement part,  
also incorporate analytic functions of  and  respectively; however, 
the full calculation is quite tedious. So, we show the numerical behaviour 
of  and  for a few cases in Figs. 1(a)−(c) (in units of  = 
1). As can be seen from these figures, at  converges to the value, 
0.11351 · · · , and both  and  vanish, respectively. As a consequence, 
the traditional entanglement entropy,  becomes larger than the extended 
entanglement entropies,  and  at  is then smaller than  
when  is relatively larger. As  becomes smaller,  becomes compatible 
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with  and, at  These results suggest that the quantum 
entanglement is enhanced as the dissipation becomes weaker.
For non-dissipative systems,  in Eq. (14) and  in Eq. (16) reduce 
to
                  (17)
and
                                                    (18)
respectively, at  
Figure 1: Time dependence of entropies  and  along with parameter in 
dissipative and non-dissipative systems with scaled temperature,  = 0.7. Figures (a), 
(b) and (c) show cases with a scaled dissipation rate of  = 0.2, 0.1 and 0.01, respec-
tively. The dotted and dashed lines in Figs. (a), (b) and (c) represent the asymptotes of 



































Figure 1: Time dependence of entropies C, S, Sˆ and Sˆqe, along with parameter bqe, in dissipative
and non-dissipative systems with scaled temperature, T/J = 0.7. Figures (a), (b) and (c) show cases
with a scaled dissipati rate of ϵ/ω = 0.2, 0.1 and 0.01, respectively. The dotted and dashed lines
in Figs. (a), (b) and (c) represent the asymptotes of the S and Sˆ curves, respectively. Figure (d) is










respectively, at ϵ = 0. The time dependence of Sˆ and Sˆqe at ϵ = 0 is shown in Fig. 1(d) (in units
of kB = 1). It is apparent in this figure that all the curves (C, S, Sˆ, Sˆqe and bqe) showing the
entanglement have the same phase, however, their amplitudes differ. Specifically, Sˆ is larger than S
and Sˆqe ≈ S at ϵ = 0, a result which differs from that of Ref. [10] and which can be seen in Eqs. (17)
and (18). It appears that a mistake was made in Ref. [10] in counting the non-zero eigenvalues of ρˆA.
3 Extended density matrices of non-equilibrium finite-spin
systems with external fields
Consider the S = 1/2 spin system described by the Hamiltonian [10]
H := −JSA · SB − gµB (HASzA +HBSzB) , (19)












B) of the subsystems A
and B, respectively, where g is the Lande factor, µB the Bohr magneton, and HA and HB are the
components of the external fields conjugate to SA and SB, respectively. To examine the Zeeman
effect on the entanglement, Ref. [10] recognized that the two systems with Hamiltonians, Hnc and Hc,
6
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The time dependence of  and  at  is shown in Fig. 1(d) (in units 
of  = 1). It is apparent in this figure that all the curves (  
and ) showing the entanglement have the same phase, however, their 
amplitudes differ. Specifically,  is larger than  and  at  a 
result which differs from that of Ref. [10] and which can be seen in Eqs. 
(17) and (18). It appears that a mistake was made in Ref. [10] in counting 
the non-zero eigenvalues of 
3  Extended density matrices of non-equilibrium finite-spin systems 
with external fields
Consider the  = 1/2 spin system described by the Hamiltonian [10]
                                              (19)
which involves the spin operators,  and  of 
the subsystems A and B, respectively, where  is the Lande factor,  the 
Bohr magneton, and  and  are the components of the external fields 
conjugate to  and  respectively. To examine the Zeeman effect on 
the entanglement, Ref. [10] recognized that the two systems with Hamilto-
nians,  and  should be compared for the cases of a non-competing 
external field  and competing external field  
respectively. As can also be seen from Eq. (19), the spin inversion symme-
try of these systems is broken by these external fields in the Hamiltonian. 
In a forthcoming analysis exploring the Zeeman effect on the dissipative 
dynamics of entanglement, the partial recovery of this broken symmetry 
will play an important role.
Using the base  the matrix form of the 
Hamiltonian (19) is expressed
as
          
(20)
28
for the non-competing case and
               (21)
for the competing case.
Next, consider non-equilibrium systems with dissipation, described by 
the Hamiltonian of Eq. (19). The time dependence of the ordinary density 
matrix,  of these systems is given by
                                              (22)
where  is a dissipation parameter,  “nc” for the non-competing case 
or “c” for the competing case, and  the ordinary density matrix of the 
equilibrium systems [10]. The solution of Eq. (22) is then expressed as
                                              (23)
for an arbitrary initial density matrix,  where the unitary operator, 
 denotes
                          (24)
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for the non-competing case and
(25)
for the competing case. Here,  The explicit expression for in 
Eq. (23) is complicated for an arbitrary initial condition and it is diffcult to 
understand its physical meaning. Hence, we will, for the sake of simplicity, 
hereafter confine the discussion to the initial condition 
Inserting Eq. (24) or (25), along with the initial condition, into Eq. (23), 
we then obtain
     
(26)
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for the non-competing case or
(27)
for the competing case, where the scaled time,  and dissipation rate, 
 have been used. In addition we have introduced the definitions 
 and  
The extended density matrix,  in the TFD doubled Hilbert space 
was defined in Ref. [10] as
            
    (28)
using the ordinary density matrix,  in Eq. (23). Here,  is an or-
thogonal complete set in the original Hilbert space and  the same set 
in the ancillary Hilbert space of TFD [14, 15]. If the entangled subsystems 
A and B are being examined, each of the  and  states is represented as 
a direct product:  and respectively.
According to the matrix algebra of  developed in Ref. [10], we 
then obtain the extended density matrix,
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                                               (29)
where the matrix elements,  and  are obtained as analytic 
functions of  and  respectively. They correspond to the two di-
agonal elements (d1 and d2), classical and thermal fluctuations (cf ), and 
quantum entanglement (qe) of  respectively. Their expressions are so 
complicated that we show only the numerical results in Fig. 2 for the non-
competing cases and in Fig. 3 for the competing cases. The asymptotic 
behaviors of  and  at  correspond to those of the equi-
librium systems as follows:
                                             (30)
and
         
  (31)
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respectively. The asymptotic values with  and 
 which are obtained from Eqs. (30) and (31), are 
shown in Figs. 2 and 3. It is worth mentioning that the findings of Figs. 
2(a), (b), and (c), and Figs. 3(a), (b), and (c) may be in harmony with the 
relaxation processes of entanglement by dissipation.
As can be seen from Fig. 2(d), which shows the non-dissipation case 
 vanishes identically. On the other hand,  and  show 
a kind of “classical-quantum crossover” oscillation in Ref. [10]. How-
ever, as can be seen from Fig. 3(d), which shows the non-dissipation case 
 vanishes identically, while the  curve displays a “twin-
peaks” oscillation, which is a new type.
In Ref. [10], the following results were obtained, illustrating the equi-
librium case: i) In the non-competing systems (for zero temperature), the 
external field,  breaks the spin inversion symmetry and the parameter 
 = 1, because the quantum entanglement  = 0. ii) In the competing 
system, the level splitting creates a non-zero finite entanglement,  
for zero temperature, even in a finite external field, . iii) The parameter, 
 which expresses the probability weight of the up-state, is smaller than 
the maximum value, 1.0. According to these observations, Ref. [10] dem-
onstrated a typical example of entanglement caused by the external field.
Therefore, also in the present analysis it seems reasonable to conclude 
that the competing “twin-peaks” oscillatory behavior is a consequence of 
the partial recovery of the spin inversion symmetry even in the dissipative 
dynamics.





























cf (···), and bncqe(-· -), in dis-
sipative and non-dissipative systems with K−1 = (βJ)−1 = 0.7 and h = βgµBH = 3/7, for the
non-competing cases. Parts (a), (b), and (c) show cases with a scaled dissipation rate ϵ/ω = 1, 0.1,







qe curves, respectively. In part (d), which is the non-dissipation case (ϵ = 0), b
nc
cf




qe show a kind of “classical-quantum crossover”
oscillation.
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Figure 2: Time dependence of the matrix elements,  and 
 in dis- sipative and non-dissipative systems it    and 
 for the non-competing cases. Parts (a), (b), and (c) show cases 
with a cal d dissipation rate  = 1, 0.1, and 0.01, respectively. The dot-dot-dashed 
lines (-··-) in parts (a) and (b) represent the asymptotes of the  and  
curves, respectively. In part (d), which is the non-dissipation case  vanishes 
identically. On the other hand,  and  show a kind of “classical-quantum 
crossover” oscillation.
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Figure 3: Time dependence of the matrix elements,  and 
 in dissipative and non-dissipative systems with  and 
 for the competing cases. Parts (a), (b), and (c) show cases with a 
scaled dissipation rate of  = 1, 0.1, and 0.01, respectively. The dot-dot-dashed lines 
(-·· -) in parts (a) and (b) represent the asymptotes of the  and  curves, re-
spectively. In part (d), the non-dissipation case  vanishes identically, while 




























cf(···), and bcqe(-· -), in dissipa-
tive and non-dissipative systems with K−1 = (βJ)−1 = 0.7 and h = βgµBH = 3/7 for the competing
cases. Parts (a), (b), and (c) show cases with a scaled dissipation rate of ϵ/ω = 1, 0.1, and 0.01,







qe curves, respectively. In part (d), the non-dissipation case (ϵ = 0), b
c
cf vanishes
identically, while the bcqe curve displays a “twin-peaks” oscillation.
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4  Extended entanglement entropies of non-equilibrium finite- spin 
systems with external fields
The extended entanglement entropy is defined as [10]
                                                                       (32)
using  in Eq. (29). Inserting Eq. (29) into Eq. (32) and subsequent sim-
plification eventually yields
                                                                               (33)
where
       (34)
and
                                                                      (35)
respectively. In Eqs. (33), (34), and (35), the expressions for  the clas-
sical and thermal fluctuation parts,  and the quantum entanglement 
part,  also involve analytic functions of  and  However, these 
expressions are quite complicated. Therefore, we show the numerical be-
havior of  and  for a few scenarios with  
and  in Fig. 4 for the non-competing case and in Fig. 
5 for the competing case. The asymptotic behaviors of  and  as 
 correspond to those of equilibrium systems obtained by inserting 
Eqs. (30) and (31) into Eqs. (33), (34), and (35). The asymptotic values of 
 and  with  and  obtained 
from Eqs. (33), (34), and (35), are displayed in Figs. 4 and 5. The data in 
Figs. 4(a), (b), and (c), and Figs. 5(a), (b), and (c) are in good agreement 
with the relaxation phenomena of entanglement by dissipation.
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In the non-dissipative systems,  in Eq. (35) reduces to
                                                       (36)
for the non-competing case and
             
    (37)
for the competing case. As can be seen from Eqs. (36) and (37), both the 
 and  dependences of  at  disappear and the  dependence 
of  at  disappears. The time dependence of  and  at 
is shown in Fig. 4(d) for the non-competing case and in Fig. 5(d) for the 
competing case. It is apparent from these figures that the curves (  and 
), showing entanglement, have the same phase. However, their ampli-
tudes differ. Especially, the  dependences of  at  are displayed 
in Fig. 6. From this observation we infer that the “twin-peaks” oscillation 
is an example of quantum entanglement caused by level splitting.
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and Sˆαqe at ϵ = 0 is shown in Fig. 4(d) for the non-competing case and in Fig. 5(d) for the competing
case. It is apparent from these figures that the curves (Sˆα and Sˆαqe), showing entanglement, have the
same phase. However, their amplitudes differ. Especially, the H dependences of Sˆcqe at ϵ = 0 are
displayed in Fig. 6. From this observation we infer that the “twin-peaks” oscillation is an example of
quantum entanglement caused by level splitting.



















































Figure 4: Time dependence of Sˆnc(-----) and Sˆncqe (---) in dissipative and non-dissipative systems with
K−1 = (βJ)−1 = 0.7 and h = βgµBH = 3/7 for the non-competing cases. Parts (a), (b), and (c)
show cases with scaled dissipation rates of ϵ/ω = 1, 0.1, and 0.01, respectively. The dot-dot-dashed
lines (-·· -) in parts (a), (b), and (c) represent the asymptotes of the Sˆnc and Sˆncqe curves. In part
(d), which is the non-dissipation case (ϵ = 0), all the curves have the same phase. In these and all
subsequent plots, kB = 1.
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Figure 4: Time dependence of  and  i  dissipative and non-di sipative 
systems with  and  for the non-competing 
cases. Parts (a), (b), and (c) show cases with scaled dissipation rates of  = 1, 0.1, 
and 0.01, respectively. The dot-dot-dashed lines (-·· -) in parts (a), (b), and (c) represent 
the asymptotes of the  and  curves. In part (d), which is the non-dissipation case 
( ), all the curves have the same phase. In these and all subsequent plots,  = 1.
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Figure 5: Time dependence of Sˆc(-----) and Sˆcqe(---) in dissipative and non-dissipative systems with
K−1 = (βJ)−1 = 0.7 and h = βgµBH = 3/7 for the competing cases. Parts (a), (b), and (c) show
cases with scaled dissipation rates of ϵ/ω = 1, 0.1, and 0.01, respectively. The dot-dot-dashed lines
(-·· -) in parts (a), (b), and (c) represent the asymptotes of the Sˆc and Sˆcqe curves, respectively. In
part (d), which is the non-dissipation case (ϵ = 0), all the curves have the same phase and show a












17 π = 5.38779 · · · is the cycle time of the oscillation in Fig. 2(d)
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Figure 5: Time dependence of Sˆc(-----) and Sˆcqe(---) in dissipative and non-dissipative systems with
K−1 = (βJ)−1 = 0.7 and h = βgµBH = 3/7 for the competing cases. Parts (a), (b), and (c) show
cases with scaled dissipation rates of ϵ/ω = 1, 0.1, and 0.01, respectively. The dot-dot-dashed lines
(-·· -) in parts (a), (b), and (c) represent the asymptotes of the Sˆc and Sˆcqe curves, respectively. In
part (d), which is the non-dissipation case (ϵ = 0), all the curves have the same phase and show a












17 π = 5.38779 · · · is the cycle time of the oscillation in Fig. 2(d)
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Figure 5: Time dependence of  and  in dissipative and non-dissipative 
systems with  and  for the competing cases. 
Parts (a), (b), nd (c) show cases with scaled dissipation rates of  = 1, 0.1, and 
0.01, respectiv ly. The dot-dot-dashed lines (- -) in parts (a), (b), and (c) r present the 
asymptotes of the  and  qe curves, respectively. In part (d), which is the non-
dissipation cas  ( ), ll the curves have the same phase and show a kind of \twin-
peaks” oscillation.
Figure 6:  dependences of  in non-dissipative system ( ) at  …, 
 Here,  … is the cycle time of the oscillation in Fig. 
2(d)
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5  Discussion and Conclusions
In this communication, we have examined the extended density matrix and 
the extended entanglement entropies of non-equilibrium spin systems with 
non-competing and competing external fields based on the TFD formula-
tion. These results are summarized in Figs. 2 ～ 6. As is evident from the 
results, the values of  are positive semi-definite. In particular, according 
to Eqs. (36) and (37), the equilibrium-extended entropies,  van-
ish at  From these observation we infer that  are well-defined 
measures of the quantum entanglement. This is also the condition that the 
entanglement measures of general quantum systems should satisfy.
Figures 4 and 2 show that the behaviors of  and  differ 
from littie those with no external fields [10, 11], and are not indicative 
of the Zeeman effect. This is due to the lack of competition between the 
interaction,  and the external fields,  in the 
non-competing Hamiltonian,  in Eq. (20). The spin inversion symme-
try is still unbroken for the non-competing case. On the other hand, it is 
clear from Figs. 5 and 3 that the behaviors of  and  differ from 
those with no external field. Specifically, Figs. 3(d) and 5(d) show a “twin-
peaks” oscillation with the same phase. This “twin-peaks” oscillation may 
be caused by the  dependences of  at  which are shown in Fig. 6. 
These results show that the competing Hamiltonian,  in Eq. (21), con-
tains competing effects in a non-equilibrium system leading to the partial 
recovery of the spin inversion symmetry in the dissipative dynamics. This 
is recognized as the origin of the “twin-peaks” oscillation in the present 
model.
In the present communication, the Hamiltonian was the most simple 
separation of Eq. (19). Using the replica trick and the Sherrington and 
Kirkpatrick mean-field solution [17–19], the free-energy and the order pa-
rameter of the equilibrium system of Eq. (19) have been examined. How-
ever, these methods involve several serious problems, such as replica-sym-
metry breaking, ergodicity breaking, negative entropy at low temperatures, 
etc. On the other hand, the method presented here should be independent 
of the problem. Therefore, one can extend the method developed here to 
study the quantum entanglement in other spin systems. Furthermore, to 
clarify how general the appearance of “twin-peaks ” oscillations is in spin 
40
systems, it is necessary to try the present method based on TFD in the 
above general spin-glass models. These extensions are currently under 
consideration.
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